For a transcendental entire function f (z) in the complex plane, we study its divided differences G n (z). We partially prove a conjecture posed by Bergweiler and Langley under the additional condition that the lower order of f (z) is smaller than 1 2 . Furthermore, we prove that if zero is a deficient value of f (z), then δ(0, G) < 1, where
Introduction and main results
In this paper, we assume that the reader is familiar with the standard notations of Nevanlinna theory of meromorphic functions (see [, ] or [] ). In particular, for a meromorphic function f (z) in the complex plane C, we use ρ(f ) and μ(f ) to denote its order and lower order respectively, and λ(f ) to denote the exponent of the convergence of the zerosequences.
Let f (z) be a transcendental meromorphic function in C. The forward differences n f (z)
are defined in the standard way by
The divided differences are defined by In this paper, we consider some more general cases. For c ∈ C\{}, we define
We get the following results on the deficiency δ(, G). http://www.advancesindifferenceequations.com/content/2014/1/128
, then the following two statements hold:
It is clear that, for a given transcendental entire function f (z), all but countably many c ∈ C such that f (z) has at most finitely many zeros z j , z k such that z j -z k = c. Furthermore, we know that, for an entire function f (z), if f (z) has a finite deficient value then μ(f ) >   . Hence, Theorem  implies that, for some particular functions f (z) of order ρ(f ) >  
, we obtain a similar conclusion.
Example There is an example for Theorem . Let
The paper is organized as follows. In Section , we shall collect some notations and give some lemmas which will be used later. In Section , we shall prove Theorem . In Section , we shall prove Theorem .
Preliminaries and lemmas
Let f (z) = For a set E ⊂ [, ∞), we define its Lebesgue measure by m(E) and its logarithmic measure by m l (E) = E dt t . We also define the upper and lower logarithmic density of E ⊂ [, ∞), respectively, by
log r , http://www.advancesindifferenceequations.com/content/2014/1/128
Following Hayman [, pp.-], we say that a set E is an ε-set if E is a countable union of open discs not containing the origin and subtending angles at the origin whose sum is finite. If E is an ε-set, then the set of r ≥  for which the circle S(, r) meets has finite logarithmic measure and hence zero upper logarithmic density. Moreover, for almost all real θ , the intersection of E with the ray arg z = θ is a bounded set.
The following lemma contains a basic property of meromorphic functions of finite order.
The following lemma is a version of the celebrated cos πρ theorem of [].
Lemma . ([]) Let f (z) be a transcendental entire function with lower order
, where E = {r ∈ [, ∞) : A(r) > B(r) cos πα}, A(r) = inf |z|=r log |f (z)|, and B(r) = sup |z|=r log |f (z)|.
We collect some important properties of the differences of meromorphic functions in the following lemmas. 
Lemma . ([]) Let f (z) be a meromorphic function of finite order ρ(f ) = ρ and let c be a non-zero finite complex number. Then, for each ε > , we have
m r, f (z + c) f (z) + m r, f (z) f (z + c) = O r ρ-+ε (.)
and T r, f (z + c) = T(r, f ) + O r ρ-+ε + O(log r). (.)

Lemma . ([])
Let n ∈ N and let f (z) be a transcendental meromorphic function of order smaller than  in the complex plane C. Then there exists an ε-set E n such that
Proof of Theorem 1
In order to prove Theorem , we need one more lemma. This lemma can be proved in a similar way to the proof of Lemma  in []; we shall omit the proof. http://www.advancesindifferenceequations.com/content/2014/1/128
Lemma . Let T(r) (> ) be a nonconstant increasing function of finite lower order
Then log densE(μ  ) > .
Proof of Theorem  Since f is a transcendental entire function of order ρ(f ) < , by Lemma ., we know that there exists an ε-set E n , such that
Set H = {|z| = r : z ∈ E n }. We know that m l (H) < ∞. Therefore, by (.) and (.), for all z satisfying |z| = r / ∈ (F ∪ H) and |f (z)| = M(r, f ), we get
Now we divide the proof into two steps. Firstly, we prove that G n (z) is transcendental. To do this, we assume contrarily that G n (z) is a rational function and seek a contradiction. By using Lemma . to ν(r) with lower order μ(f ), we see that, for any given ε,  < ε <  -μ(f ), there exists a sequence {t j } ∈ E(ε)\(F ∪ H) such that the following inequalities:
hold for all sufficiently large j, where
and G n (z) is a rational function, we deduce from (.) and (.) that
where β ( = ) is a constant and k is a positive integer. By using (.), (.) and (.), we get
Since ε can be arbitrary small, we must have nμ(f ) + k -n = , i.e.,
This contradicts the assumption that
. Thus G n (z) must be transcendental.
In the second step, we prove that G n (z) has infinitely many zeros. If this is not true, assume that G n (z) has only finitely many zeros. Then /G n (z) is also transcendental having finitely many poles. By using (.) and the Jensen formula, for  < ε <  -ρ(f ), we have
Thus, It follows from (.) that μ(
where c is a positive real number. Hence, by (.) and (.), we get
Since ν(r) → ∞ as r → ∞, (.) gives a contradiction. Therefore, G n (z) must have infinitely many zeros and the proof of Theorem  is completed.
Proof of Theorem 2
To prove Theorem , we first prove the following lemma. 
hold for all r ≥ r  (ε).
Hence, it follows from (.), (.) and the Jensen formula that
So, by (.) and the Jensen formula, we get 
On the other hand, from our hypothesis, we can easily deduce that
Hence, by (.), we have
for sufficiently large r  . Since δ(, G) = , we have
and g(z) is transcendental of order ρ(g) <  (see [] and (.)), we get
Hence, by using (.), (.) and the Jensen formula, we see that the following inequalities
hold for all r ≥ r  (ε). Let r  = max{r  (ε), r  , r  (ε)}. By (.) and (.), we see that (.) holds for all r ≥ r  . The proof of Lemma . is completed.
Proof of Theorem  Firstly, we prove that (i) holds. Assume that
, by using (.) and (.), we get
Rotate the zeros of f (z) and g(z) to the negative axis and form the canonical products f  (z) and 
